One-loop diagrams containing a graviton provide a finite contribution to the anomalous magnetic moment a ℓ of a lepton, whether or not the graviton propagates in n large extra compact dimensions. In the present work, the tree graph photoproduction of a graviton, integrated up to the string scale, is shown to violate the Drell-Hearn-Gerasimov sum rule for a 2 ℓ . It is then seen that for n > 0, the Regge behavior for an appropriate open string Compton amplitude above the string scale could restore the validity of the sum rule. However, for the case n = 0, this possibility is not apparent.
Introduction
A renewed interest in quantum gravity has been catalyzed by the innovative recent proposal [1] that the gravitational sector lives in an expanded (4 + n)-dimensional spacetime, with the extra n dimensions compactified on surfaces with characteristic sizes as large as a millimeter. For compactification on an n-torus, the fundamental string scale M S is related to the large radius R and the Planck mass via [1, 2] 
so that M S can range from ∼ TeV to M P for R ≤1 mm as long as n ≥ 2. The resulting Kaluza-Klein tower of spin-2 gravitons (and spin-0 partners, the radions) can have very small mass splitting ∆m 2 = (1/R) 2 . This scale also characterizes the surface tension of the soliton (say a D-brane) to which is tied the open string containing ordinary matter.
Feynman rules have been developed [3, 4] for these couplings, and a large number of authors have explored the phenomenological implications of this view of gravity.
In a recent paper [5] , Graesser has performed a calculation of the one-loop contribution of such a gravitational sector to a ℓ = 1 2 (g − 2) ℓ , the anomalous magnetic moment of a lepton ℓ. It is remarkable that each KK mode of the graviton (and of the radion) contributes a finite, calculable amount to a ℓ . In a non-trivial manner, this generalizes the old result for massless gravitons [6] , whose contribution is also finite. In the massive case, the contribution from the KK tower must be cut off for masses ∼ M S , since the emission and absorption of gravitons from fields living on the unperturbed brane are suppressed [7] for masses larger than the string scale (the surface tension of the brane).
Modulo this uncertainty, these contributions to a µ are potentially manifest at the same 10 −9 level as other contributions from new physics above 1 TeV. In this paper, I will analyze this result in the context of an old sum rule for a 2 ℓ , the Drell-Hearn-Gerasimov (DHG) sum rule [8] . It will be seen that the sum rule constrains in an interesting way the behavior of the forward Compton amplitude for γℓ → γℓ at energies above the string scale -it will be required that it Reggeize in a particular fashion. The key result of this work is that this requirement is plausible in the case of string theories with n > 0 large extra dimensions, but not so when n = 0.
The DHG Sum Rule and Quantum Gravity
Under certain conditions on the high energy behavior of both the real and imaginary part of the forward (spin-dependent) Compton amplitudes, there exists a sum rule for a 2 ℓ . For a spin-1/2 target, it reads [8]
where ∆σ(ν) ≡ σ P (ν) − σ A (ν) is the difference between photoabsorption cross sections for the scattering of a photon of lab energy ν from a target lepton in the cases where the initial photon and lepton spin components along the incident photon direction are parallel and anti-parallel, respectively. The validity of the sum rule is predicated on both the vanishing of ∆σ at high energies and on the absence of polynomial terms in the real part of the forward Compton spin-difference amplitude f 2 . Both conditions would obtain if the full Compton amplitude were to Reggeize [9] ; the details of this Reggeization at string energies will be critical in resolving the problem raised by the calculation which follows.
In the Standard Model, the validity of the sum rule requires the vanishing of the integral on the RHS of Eq. (2) when the cross section is calculated from the lowest order tree graphs, namely γ +ℓ → γ +ℓ, W − +ν ℓ [10] . This follows from the observation that the LHS of (2) when calculated in the Standard Model is of O(α 2 ) (for fixed sin θ W ), whereas in Born approximation the RHS is of O(α), and hence must vanish. This is indeed found to be the case, as shown in the explicit calculation of Altarelli, Cabibbo, and Maiani [10] . Using loop expansion techniques, the result has been generalized by Brodsky and Schmidt [11] : the validity of the DHG sum rule requires the vanishing of the integral on the RHS for the sum of 2 → 2 processes γℓ → bc in the Born approximation. This then raises the interesting question: since the one-loop quantum gravity contributions to a ℓ are finite and calculable, is the DHG sum rule satisfied to the appropriate order in this case? If not, can we learn anything from the failure to satisfy?
In order to simplify the discussion, I will limit the physics to QED and gravity (the rest of the Standard Model can be included with little complication). In this case, at the one loop level, the corrections to a ℓ from these sources are additive:
Thus, to one-loop level, the sum rule may be written as
The first term under the integral is the pure QED contribution, up to the appropriate order, and the second is the mixed gravity-QED cross section. Since QED by itself obeys the DHG sum rule, the first terms on the LHS and RHS will cancel. With this cancellation, and to lowest order in m 2 ℓ , the sum rule reads
I will now consider separately the cases with gravity propagating in n > 0 (D > 4) and n = 0 (D = 4) dimensions, respectively.
On the RHS of (5), the lowest order contributions are the tree processes γℓ → Gℓ, γℓ → Φℓ where G is a spin-2 graviton, and Φ is its scalar partner (the radion). The cross section for the latter process is suppressed by a factor of m 2 ℓ , so it does not enter the present consideration. 1 The calculation of ∆σ(γℓ → Gℓ) is straightforward. I fix the kinematics so that the photon is incident along the +z-axis with momentum q, helicity +1, the lepton with momentum p 1 along the −z-axis. For massless leptons, the amplitude (10) is helicity conserving, and the polarization amplitudes for γℓ → Gℓ are then written as
Squaring and summing over the final state graviton helicity, one finds (for all particles massless except for the graviton, with mass m) the differential cross sections in the c.m.
where x ≡ m 2 /s, and
1 In accordance with the scaling argument in [11] , the radion contribution should cancel when combined with O(m 2 ℓ ) corrections to the tree-level ∆σ(γℓ → Gℓ).
The graviton spin-2 projection operator P is given in Refs. [3, 4] , and O = γ 0 † O † γ 0 .
Finally, from (7) and (8),
The contributing diagrams are given in Refs. [3, 4] and are shown in Fig.1 . The amplitude can be obtained from these references, and I write it here for completeness (kinematics in Fig.1) :
In Eq. (10), Q ℓ is the charge on the lepton, M P = (8πG N ) −1/2 , P = p 1 + q, Q = k − q, and K = p 1 − k (see Fig. 1 ).
From (9) and (10) I find
where t = Q 2 , u = K 2 . The cross section has a smooth massless limit (x = 0) which coincides with that obtained from starting with massless gravitons.
With the substitutions (t, u) = − 1 2 s(1 −x)(1 ∓cos θ), and the imposition of infrared and collinear cutoffs −1 + δ ≤ cos θ ≤ 1 − δ, the total polarization cross section is obtained by integrating (11) over cos θ :
The contribution to ∆σ γℓ→Gℓ (s) at s < M S 2 from an entire KK tower of gravitons is given (approximately) by integrating over the density of states [3, 4] up to the kinematic limit ∆σ γℓ→Gℓ (s) = 2π n/2 Γ(n/2)
where, e.g., I now turn to discuss possible implications of these results.
Strings and Large Extra Dimensions
The failure of the gravitational contributions integrated to scale M S 2 to satisfy the DHG sum rule at the one-loop level allows two logical possibilities: (1) the sum rule is not valid or (2) there are contributions from s > M S 2 which render the sum rule valid.
As mentioned in the introduction, and discussed at length in Ref. [9] , the sum rule can fail because the spin-difference forward Compton amplitude f 2 (s) has fixed poles (i.e., a polynomial piece to the real part), or an imaginary part whose asymptotic behavior requires a subtraction for the dispersion relation. One or both of these is certainly possible, and then there is not much more to say. However, string theory makes a strong case that this amplitude Reggeizes for s > M S 2 , at once eliminating the possibility of the fixed poles and the non-convergence. Moreover, the required Reggeization takes place at the tree-level (the Veneziano amplitude being equivalent to a sum of poles), so that according to the loop-counting criteria discussed in [11] , the additive form of (5) is valid. I will discuss in turn the two cases of large extra dimensions (n > 0) and no large extra dimensions (n = 0). n > 0: In this case, I will adopt the string description in Antoniadis et al [2] , with reference to previous work in [12] and [13] . This is based on a type I theory of open and closed strings, with a T -duality transformation allowing a large radius in the n extra dimensions, as well as a weak coupling description. Matter resides in open strings tied to D3-branes and α serves as the string coupling expansion parameter [2] , at least for energies less than the winding scale [2] ,
string Compton amplitude is then written as in [14] , with the appropriate kinematic factors assuring the behavior
which allows convergence. The contribution to the DHG sum rule from the Regge
which is of the correct order in α and M S 2 to allow the possibility of cancelling the lower energy integral, Eq. (14) . Note that this was only possible if the string coupling λ in the Regge formula was ∼ α, which is the case in the T -dual space. The result is independent of the value of M S , as long as RM S ≫ 1. To demonstrate the cancellation of the collinear/infrared cutoff dependence (which occurs only in this extra-dimension case) requires additional discussion: one is assured by the Lee-Nauenberg theorem [15] that including all channels will regulate such singularities to measurable quantities.
How this happens in detail remains to be shown. n = 0: With no large extra dimensions, compactification on the full 6-dimensional manifold is appropriate, and the contribution from the Regge region is given by
a formula similar to (17) except that the string coupling λ is now given by [2, 12] 
Thus, the contribution from the Regge region is now
independent of the relation between M S and M P (i.e., independent of the compactification volume). This is not compatible with cancelling the low energy contribution (16). Thus, curiously, the possibility of cancellation seems much enhanced in the case of n > 0, and this is the major inference of this discussion.
Conclusion
To conclude: the finiteness of the one-loop gravitation contribution to the anomalous magnetic moment led naturally to the question of whether the DHG sum rule is satisfied. The failure to satisfy the sum rule for contributions below the string scale M S in turn led to a consideration of how contributions above M S could help. In the case of large extra dimensions, it was seen that cancelling the unwanted lower energy contribution was possible (but not explicitly demonstrated) in a class of current string theories which accommodate these large extra dimensions for gravity. For the case of no large extra dimensions, there seemed to be no apparent mechanism to accomplish the desired cancellation.
